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An integral equation is formulated to describe electromagnetic wave transmission through a sub-
wavelength nano-hole in a thin plasmonic sheet in terms of the dyadic Green’s function for the
associated Helmholtz problem. Taking the subwavelength radius of the nano-hole to be the smallest
length of the system, we have obtained an exact solution of the integral equation for the dyadic
Green’s function analytically and in closed form. This dyadic Green’s function is then employed
in the numerical analysis of electromagnetic wave transmission through the nano-hole for normal
incidence of the incoming wave train. The electromagnetic transmission involves two distinct con-
tributions, one emanating from the nano-hole and the other is directly transmitted through the thin
plasmonic layer itself (which would not occur in the case of a perfect metal screen). The transmitted
radiation exhibits interference fringes in the vicinity of the nano-hole, and they tend to flatten as a
function of increasing lateral separation from the hole, reaching the uniform value of transmission
through the sheet alone at large separations.
1. INTRODUCTION
The description of electromagnetic wave transmission
through an aperture in a screen involves the solution of
Maxwell’s equations with complicated boundary condi-
tions that are often not really known(or effectively im-
plemented) for the materials involved. The diffraction
of light by such subwavelength apertures (radius R λ)
has attracted a great deal of interest by many researchers:
In an elegant analysis 70 years ago, Bethe [1] showed
that the classic Kirchoff method is probably approxi-
mately valid only for large apertures, but not for small
ones, and Bethe developed a theoretical approach ap-
propriate to the subwavelength regime. Important fur-
ther developments involving variational principles and
dyadic Green’s functions were presented by Levine and
Schwinger [2], [3]. However, all of the works we have
cited above assume the screen to be a perfect metallic
conductor, whereas intense current interest is focussed
on plasmonic semiconductors. To address such systems
and incorporate the issue of boundary conditions we em-
ploy an integral equation formulation [4],[5],[6] describing
electromagnetic wave transmission through a nano-hole
in a thin plasmonic layer in terms of the dyadic Green’s
function for the associated vector Helmholtz problem
[7],[8],[9],[10]. Interesting electromagnetic phenomena,
including enhanced transmission through a nano-hole in
an opaque screen, have been discussed in the literature
mostly for a metallic thick screen [11],[12],[13],[14]. The
aim of the present work is to study electromagnetic wave
field transmission and reflection at a thin semiconduc-
tor screen including the role of the embedded 2D plas-
∗ Corresponding author: nhoring@stevens.edu
monic layer, and transmission directly through it as well
as through the aperture, thereby improving our under-
standing of subwavelength electromagnetic phenomenol-
ogy.
This paper is structured as follows: in Section 2, we
discuss the dyadic Green’s function solution for a thin
(2D) semiconductor plasma layer located at the plane
z = 0 in a 3D bulk host medium with background dielec-
tric constant ε
(3D)
b . Section 3 deals with the description
of a nano-hole in the dyadic Green’s function-integral
equation for the 2D plasmonic layer following the tech-
niques of references [4] and [5]. In Section 4, we address
the electromagnetic wave transmission of a perforated
thin screen. These results are then used in Section 5 to
obtain the transmitted/reflected electromagnetic field in
terms of an infinite incident plane wave train. Calcu-
lated results for normal incidence are exhibited in Sec-
tion 6 for the near-field (z = 50R), for intermediated-
field (z = 250R) and for far-field (z = 1000R) zones of
diffraction.
2. DYADIC ELECTROMAGNETIC GREEN’S
FUNCTION FOR A THIN SEMICONDUCTOR
LAYER
The description of electrodynamics in terms of dyadic
Green’s functions has a long history in physics and in
electrical engineering [7], [8], [9], [10]. The present inter-
est in the electrodynamics of low-dimensional semicon-
ductor nanostructures, which involve currents that are
geometrically confined in narrow regions, offers a fer-
tile ground for the application of dyadic Green’s func-
tions. To deal with such problems we introduce the
description of electromagnetic response of various semi-
conductor nanostructures in terms of a dyadic Green’s
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2function propagator [2], [8], [9]. To start, we focus on
a two dimensional plasmonic layer S1 located on the
plane z = 0, embedded in a three dimensional bulk
host medium with background dielectric constant ε
(3D)
b
(Fig.1), and will examine the electromagnetic wave trans-
mission through it using the dyadic Green’s function
method. The Helmholtz equation for the electric field,
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FIG. 1. Two dimensional plasmonic layer of thickness d λ
(small compared to the wavelength λ) embedded at z = 0 in a
three dimensional bulk host medium with dielectric constant
ε
(3D)
b .
based on the Maxwell equations, is given in ω− frequency
representation as[
Î
(
~∇2 + ω
2
c2
)
− ~∇~∇
]
· ~E(~r, ω) = − 4pi i ω
c2
~J(~r, ω), (1)
where Î = x̂x̂+ŷŷ+ ẑẑ is a unit dyadic tensor and c is the
speed of light in vacuum. This field is driven by the total
electric current density ~J(~r, t) at space-point ~r at time
t, which includes the induced current density, ~Jind(~r, t)
(taken to be linear) composed of (i) a term arising from
the conductivity of the local bulk host medium,
σ̂
(3D)
b (~r, ~r
′
;ω) = Î
i ω
4pi
[
1− ε(3D)b
]
δ(3D)(~r − ~r′) (2)
(δ(3D)(~r − ~r′) is the 3D Dirac delta function) and (ii) a
term arising from the conductivity of the thin plasmonic
layer σ̂
(2D)
fs (~r, ~r
′
;ω) under consideration. Including the
role of the external driving current density ~Jext(~r, t), the
electromagnetic Helmholtz equation can then be written
as [
Î
(
~∇2 + ω
2
c2
ε
(3D)
b
)
− ~∇~∇
]
~E(~r, ω)
+
4pi iω
c2
∫
d3~r
′
σ̂
(2D)
fs (~r, ~r
′
;ω) ~E(~r
′
;ω)
= −4pi iω
c2
~Jext(~r;ω). (3)
In general, in electromagnetic theory for linear materi-
als, the dyadic Green’s function Ĝ is defined as the elec-
tric field ~E at the field point ~r generated by a radiating
unit dyadic impulsive source located at the point ~r ′, so
that, the dyadic Green’s function relates ~E(~r, ω) to the
current density ~J(~r
′
, ω) as [3], [4], [7]
~E(~r, ω) =
4pi iω
c2
∫
d3~r Ĝ(~r, ~r
′
;ω) · ~Jext(~r′ ;ω). (4)
To fulfill the role of Ĝ(~r, ~r
′
;ω) mandated by Eq.(4) with
Eq.(3), we define the dyadic Green’s function of the ho-
mogeneous layer, Ĝ(~r, ~r
′
;ω) −→ Ĝfs(~r, ~r′ ;ω) as[
Î
(
~∇2 + ω
2
c2
ε
(3D)
b
)
− ~∇~∇
]
Ĝfs(~r, ~r
′
;ω)
+
4pi iω
c2
∫
d3~r
′′
σ̂
(2D)
fs (~r, ~r
′′
;ω)Ĝfs(~r
′′
, ~r
′
;ω)
= − Îδ(3D)(~r − ~r′). (5)
Following the position-space inversion of the differential
operator in the brackets on the Left Hand Side, carried
out in the analysis of Refs. [4], [5] and [6], Eq.(5) may
be written in the form of a full integral equation as
Ĝfs(~r, ~r
′
;ω) = Ĝ3D(~r, ~r
′
;ω)
+
4pi iω
c2
∫
d3~r
′′
∫
d3~r
′′′
Ĝ3D(~r, ~r
′′
;ω)
× σ̂(2D)fs (~r”, ~r
′′′
;ω)Ĝfs(~r
′′′
, ~r
′
;ω).
(6)
Because of spatial translational invariance in the plane
of the plasmonic layer, the dyadic Green’s function may
be written in terms of a Fourier transform in the parallel
plane
[~r‖ − ~r ′‖ 7→ ~k‖], so that Eq.(6) takes the form
Ĝfs(~k‖; z, z
′
;ω) = Ĝ3D(~k‖; z, z
′
;ω)
+
4pi iω
c2
∫
dz
′′
∫
dz
′′′
Ĝ3D(~k‖; z, z
′′
;ω)
× σ̂(2D)fs (~k‖; z
′′
, z
′′′
;ω)Ĝfs(~k‖; z
′′′
, z
′
;ω),
(7)
where ~k‖ = kxêx + ky êy. In this matter, the response of
the uniform two dimensional plasmonic layer is described
by the local conductivity tensor σ̂
(2D)
fs as
σ̂
(2D)
fs (
~k‖; z
′′
, z
′′′
;ω) = Î σ
(2D)
fs (
~k‖;ω)δ(z
′′
)δ(z
′′′
) (8)
where
σ
(2D)
fs (
~k‖;ω) =
i ω
4pi
[
ε
(3D)
b − ε(ω)
]
d (9)
and ε(ω) represents the dielectric function of the 2D plas-
monic layer of thickness d.
With this, the solution of Eq.(7) for Ĝfs(~k‖; z, z
′
;ω)
was determined in Refs. [4],[5] and [6] as
Ĝfs(~k‖; z, z
′
;ω) = Ĝ3D(~k‖; z, z
′
;ω)
+ γ Ĝ3D(~k‖; z, 0;ω)
×
[
Î − γ Ĝ3D(~k‖; 0, 0;ω)
]−1
× Ĝ3D(~k‖; 0, z
′
;ω) (10)
3with
γ =
4pi i ω
c2
σ
(2D)
fs (
~k‖;ω) (11)
and
Ĝ3D(
~k‖; z, z
′
;ω) = −
ei kz|z−z
′ |
2 i kz
×
Î − 1q2ω
[
~k‖ ~k‖ + kz sgn(z − z
′
)
(
~k‖êz + êz~k‖
)
+ êz êz
(
k
2
z − 2ikzδ(z − z
′
)
)] ,
(12)
in mixed (~k‖; z, z
′
) Fourier representation with qω =
(ω/c)
√
ε
(3D)
b . Furthermore,
kz =
√
q2ω − k2‖ (13)
and
sgn(z) =
 1, for z > 0 ;0, for z = 0 ;−1, for z < 0 , (14)
where z = z − z′ . The sign before the radical has been
chosen in such a way that the field in the host medium
satisfies the radiation condition for k‖ < qω when the
radical is purely real, whereas it represents an evanescent
field for k‖ > qω when the radical is purely imaginary.
The closed form for Ĝfs(~k‖; z, z
′
;ω) of Eq.(10) requires
evaluation of
Ĝ3D(~k‖; z, z
′
;ω) at z = 0 and z
′
= 0
Ĝ3D(~k‖; 0, 0;ω) = − 1
2 i kz
×
{
Î − 1
q2ω
[
~k‖ ~k‖ + êz êz
(
k2z − 2ikz
d
)
)]}
,
(15)
where the Dirac delta function evaluated at the origin
(z = 0), δ(0), is approximated by the inverse of the plas-
monic layer thickness, 1d , and sgn(0) = 0. This approxi-
mation of Ĝ3D is undertaken in the context of the inte-
gral equation for Ĝfs, Eq.(7) in which Ĝ3D is involved
in the kernel. In this regard, the zero width of the z
′′
-
integration that is mandated by Eq.(8), is recognized as
artificial, and is more realistically smeared over a small
(but finite) range ∆z
′′ ∼ d.
The determination of Ĝfs(~k‖; z, 0;ω) requires the 3D
matrix inversion of[
Î − γ Ĝ3D(~k‖; 0, 0;ω)
]
and, specifically, Ĝfs(~k‖; z, 0;ω)
is found to be:
Ĝfs(~k‖; z, 0;ω) = Ĝ3D(~k‖; z, 0;ω)
[
Î − γ Ĝ3D(~k‖; 0, 0;ω)
]−1
.
(16)
Denoting the dyad to be inverted as Ω̂
Ω̂ =
[
Î − γ Ĝ3D(~k‖; 0, 0;ω)
]
=

1 − γ Gxx3D(~k‖; 0, 0;ω) − γ G
xy
3D
(~k‖; 0, 0;ω) 0
− γ Gyx
3D
(~k‖; 0, 0;ω) 1 − γ G
yy
3D
(~k‖; 0, 0;ω) 0
0 0 1 − γ Gzz3D(~k‖; 0, 0;ω)
 .
(17)
Noting that Ω̂ is block diagonal, its 2×2 block is read-
ily inverted and its zz-element inverts algebraically. The
matrix elements of Ω̂−1 are written out explicitly in Ap-
pendix A.
Forming the product
Ĝfs(~k‖; z, 0;ω) = Ĝ3D(~k‖; z, 0;ω) Ω̂−1 (18)
using the matrix elements provided in Appendix A, we
employ a coordinate system in which ky = 0, with the
result(see Appendix C):
Ĝfs(kx, ky = 0; z, 0;ω) =
Gxxfs (kx, ky = 0; z, 0;ω) 0 G
xz
fs(kx, ky = 0; z, 0;ω)
0 G
yy
fs
(kx, ky = 0; z, 0;ω) 0
Gzxfs(kx, ky = 0; z, 0;ω) 0 G
zz
fs(kx, ky = 0; z, 0;ω)

(19)
where
Gxxfs(kx, ky = 0; z, 0;ω) = − e
i kz |z|
2 i kz
[
1
D1
{(
1− k
2
x
q2ω
)}]
,
(20)
Gyyfs(kx, ky = 0; z, 0;ω) = −
ei kz |z|
2 i kz
[
1
D3
]
, (21)
Gzzfs(kx, ky = 0; z, 0;ω) = − e
i kz |z|
2 i kz
×
[
1
D2
{(
1− k
2
z − 2ikzδ(z)
q2ω
)}]
,
(22)
Gxyfs(kx, ky = 0; z, 0;ω) = 0, (23)
Gxzfs(kx, ky = 0; z, 0;ω) = +
ei kz |z|
2 i kz
[
1
D2
(
kx kzsgn(z)
q2ω
)]
,
(24)
Gyzfs(kx, ky = 0; z, 0;ω) = 0, (25)
Gyxfs(kx, ky = 0; z, 0;ω) = 0, (26)
Gzxfs(kx, ky = 0; z, 0;ω) = +
ei kz |z|
2 i kz
[
1
D1
(
kz kxsgn(z)
q2ω
)]
,
(27)
Gzyfs(kx, ky = 0; z, 0;ω) = 0, (28)
and ( note that D1,2,3 defined here is not to be confused
with D1,2,3 in Appendix C)
D1 =
[
1 +
(
γ
2 i kz
)(
1− k
2
x
q2ω
)]
, (29)
D2 =
[
1 +
(
γ
2 i kz
)(
1− a
2
0
q2ω
)]
, (30)
D3 =
[
1 +
(
γ
2 i kz
)]
(31)
with a20 = k
2
z − 2 i kzd . It is interesting to note that Eq.(19)
can be rewritten as a sum of diagonal and anti-diagonal
4dyads as follows
Ĝfs(kx, ky = 0; z, 0;ω) =
Gxxfs (kx, ky = 0; z, 0;ω) 0 0
0 1
2
G
yy
fs
(kx, ky = 0; z, 0;ω) 0
0 0 Gzzfs(kx, ky = 0; z, 0;ω)

+

0 0 Gxzfs(kx, ky = 0; z, 0;ω)
0 1
2
G
yy
fs
(kx, ky = 0; z, 0;ω) 0
Gzxfs(kx, ky = 0; z, 0;ω) 0 0
 .
(32)
The dispersion relations for electromagnetic wave
modes for the full non-perforated plasmonic sheet may
be obtained by examining the vanishing determinant of
the corresponding dyadic Green’s function Ĝfs(kx, ky =
0; z, 0;ω). These normal mode frequencies defined by the
vanishing denominators D1, D2, D3 7→ 0 are given by
D1 = 1 +
2pi ω σ
(2D)
fs (
~k‖, ω) kz
c2 q2ω
= 0, (33)
D2 = 1 +
2pi ω σ
(2D)
fs (
~k‖, ω)
c2 kz
×
[
1 − 1
q2ω
(
k2z −
2 i kz
d
)]
= 0,
(34)
D3 = 1 +
2pi ω σ
(2D)
fs (
~k‖, ω)
c2 kz
= 0. (35)
3. NANO-HOLE IN THE DYADIC GREEN’S
FUNCTION INTEGRAL EQUATION OF A 2D
PLASMONIC LAYER
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FIG. 2. Two dimensional plasmonic layer (thickness d, em-
bedded at z = 0 in a three dimensional bulk meduim) with a
nano-hole of area A at the origin of the (x− y) plane.
We consider a two dimensional plasmonic layer S per-
forated by a nano-scale aperture of area A in the (x− y)
plane, representing the nano-hole by subtracting from
σ̂
(2D)
fs the part of the full sheet conductivity associated
with the hole σ̂
(2D)
hole (Fig.2),
σ̂(2D)(~r, ~r
′
;ω) = σ̂
(2D)
fs (~r, ~r
′
;ω) − σ̂(2D)hole (~r, ~r
′
;ω).(36)
Accordingly, the dyadic Green’s function for the perfo-
rated screen satisfies the integral equation in position-
frequency representation given by:
Ĝ(~r, ~r
′
;ω) = Ĝfs(~r, ~r
′
;ω)
− 4pi iω
c2
∫
d3~r
′′
∫
d3~r
′′′
Ĝfs(~r, ~r
′′
;ω)
× σ̂2Dhole(~r
′′
, ~r
′′′
;ω)Ĝ(~r
′′′
, ~r
′
;ω) (37)
where Ĝfs(~r, ~r
′
;ω) is the dyadic Green’s function for the
2D plasmonic layer in the absence of the nano-hole and
Ĝfs(~r, ~r
′′
;ω) σ̂2Dhole(~r
′′
, ~r
′′′
;ω) is the kernel of the new inte-
gral equation. The excised part the conductivity defining
the hole is described by the localized conductivity tensor
σ̂
(2D)
hole (x, x
′
; y, y
′
; z, z
′
;ω) = Îσ
(2D)
fs (ω)η+
(a
2
− |x|
)
× η+
(
a
′
2
− |x′ |
)
η+
(
b
2
− |y|
)
× η+
(
b
′
2
− |y′ |
)
δ(z) δ(z′),
(38)
where Eq.(9)
σ
(2D)
fs (ω) =
iω
4pi
[
ε
(3D)
b − ε(ω)
]
d, (39)
and η+(x) is the Heaviside unit step function confining
the integration range on the 2D sheet to the nano-hole
dimensions. Noting that
lim
a→0
[
η+
(
a
2 − | x |
)
a
]
= δ(x) (40)
is a representation of the Dirac delta function, we write
σ̂
(2D)
hole (~r‖, ~r
′
‖; z, z
′
;ω) ≈ ÎA2σ(2D)fs (ω)δ2D(~r‖)δ2D(~r
′
‖)δ(z)δ(z
′),
(41)
where A = a b = a′ b′ is the area of the nano-hole. Em-
ploying this in Eq.(37) to execute all the integrals, we
find
Ĝ(~r‖, ~r
′
‖; z, z
′
;ω) = Ĝfs(~r‖, ~r
′
‖; z, z
′
;ω)
− β Ĝfs(~r‖, 0; z, 0;ω) Ĝ(0, ~r
′
‖; 0, z
′
;ω)
(42)
where
β = γA2 =
(
4 ipiω
c2
σ
(2D)
fs (ω)
)
A2. (43)
Setting ~r‖ = 0 and z = 0 in Eq.(42), we obtain
Ĝ(0, ~r
′
‖; 0, z
′
;ω) as
Ĝ(0, ~r
′
‖; 0, z
′
;ω) =
[
Î + β Ĝfs(0, 0; 0, 0;ω)
]−1
× Ĝfs(0, ~r′‖; 0, z
′
;ω), (44)
5so that
Ĝ(~r‖, ~r
′
‖; z, z
′
;ω) = Ĝfs(~r‖, ~r
′
‖; z, z
′
;ω)
− βĜfs(~r‖, 0; z, 0;ω)
×
[
Î + βĜfs(0, 0; 0, 0;ω)
]−1
× Ĝfs(0, ~r
′
‖; 0, z
′
;ω).
(45)
In particular, Ĝ(~r‖, 0; z, 0;ω) proves to be of special in-
terest, and is given by
Ĝ(~r‖, 0; z, 0;ω) = Ĝfs(~r‖, 0; z, 0;ω)
×
[
Î + βĜfs(0, 0; 0, 0;ω)
]−1
. (46)
It is important to note that Ĝfs(0, 0; 0, 0;ω) involves a
divergent integral when all its positional arguments van-
ish. In terms of lateral wavevector representation
Ĝfs(0, 0; 0, 0;ω) =
1
2pi
∫ ∞
0
dk‖k‖ Ĝfs(~k‖; 0, 0;ω), (47)
the divergence may be removed by introducing a cut-
off of the k‖-integration range, namely that k‖ < 1/R
for nano-holes of subwavelength dimensions. Consider-
ing the matrix elements of Ĝfs (Eq.(20)-Eq.(29)) with
z = 0, sgn(0) = 0 and δ(0) → 1/d, Ĝfs(~k‖; 0, 0;ω) is
diagonal:
Ĝfs(
~k‖; 0, 0;ω) =

Gxxfs (
~k‖; 0, 0;ω) 0 0
0 G
yy
fs
(~k‖; 0, 0;ω) 0
0 0 Gzzfs(
~k‖; 0, 0;ω)
 (48)
with matrix elements given by
Gxxfs(
~k‖; 0, 0;ω) = − 1
2 i kz
[
1
D1
{(
1− k
2
x
q2ω
)}]
, (49)
Gyyfs(
~k‖; 0, 0;ω) = − 1
2 i kz
[
1
D3
]
, (50)
Gzzfs(
~k‖; 0, 0;ω) = − 1
2 i kz
[
1
D2
{(
1− a
2
0
q2ω
)}]
, (51)
and
D1 =
[
1 +
Γ
kz
(
1− k
2
x
q2ω
)]
, (52)
D2 =
[
1 +
Γ
kz
(
1− a
2
0
q2ω
)]
, (53)
D3 =
[
1 +
Γ
kz
]
(54)
where
Γ =
2piω σ
(2D)
fs (ω)
c2
. (55)
The evaluation of the matrix elements of
Ĝfs(0, 0; 0, 0;ω) of Eq.(47) are evaluated with the
k‖ ≤ 1/R - cutoff as follows [15]:
G
xx
fs (0, 0; 0, 0;ω) = −
1
4pi iR
 12 ΓR + i
(qωR)
2
(ΓR)2
√
1 − (qωR)2 −
(qωR)
3
(ΓR)2

+
1
4pi iR

(qωR)
4
(ΓR)3
ln
 (qωR)2 + i RΓ
√
1 − (qωR)2
(qωR)2 + RΓ(qωR)

 ;
(56)
G
yy
fs
(0, 0; 0, 0;ω) = −
1
4pi iR
{
qωR − i
√
1 − (qωR)2 − ΓR ln
[
RΓ + qω R
RΓ
]}
−
1
4pi iR
ΓR ln
RΓ + i
√
1 − (qωR)2
RΓ

 ;
(57)
and in the case of the ẑ ẑ-element, Eq.(47)- Eq.(51) yield
G
zz
fs(0, 0; 0, 0;ω) = −
q2ω
4pi iΓ

∫ 1
0
duu
u2 − i α0 u − 1
u2 − α2 u − 1

−
q2ω
4pi iΓ

∫ 1
α3
√
1−α23
0
dv v
 v2 − α0 v + 1
v2 + i α2 v + 1
 , (58)
where we have changed the integration variable k‖ −→
u = iy with u2 = −v2 =
[
1− (k‖/qω)2] and have defined
α0 =
2 δ(0)
qω
= 2d qω , α1 =
qω
Γ , α2 = α1 + i α0 and α3 =
qω R. Writing I1 for the first integral and I2 for the
second, the integration for I1 is evaluated as
I1 =
1
2
+
(−iα0 + α2)
2
√
−4 − α22
−4 tan−1
 −2 + α2√
−4 − α22
 + 4 tan−1
 α2√
−4 − α22


+
(−iα0 + α2)√
−4 − α22
−tan−1
 −2 + α2√
−4 − α22
 + tan−1
 α2√
−4 − α22

α22
+
(−iα0 + α2)√
−4 − α22
{√
−4 − α22 +
1
2
ln [α2]α2
√
−4 − α22
}
, (59)
and for I2 we have
I2 = tanh
−1
 α2√
4 + α2
2
 (−iα0 + α2)
(
2 + α22
)
√
4 + α22
+
1
4
{
−2 − 2 tan−1
[
α2α3
√
1 − α23
]
(α0 + iα2)α2
}
+
1
4
 i ln
α22
−1 + 1
α23
 + 1
α43
 (α0 + iα2)α2

+
1
4
4 tan−1
 iα2α3 + 2
√
1 − α23√
4 + α22α3
 (α0 + iα2)
(
2 + α22
)
√
4 + α22

+
1
4

2
α23
−
4 (α0 + iα2)
√
1 − α23
α3

(60)
and, finally,
Gzzfs(0, 0; 0, 0;ω) = −
q2ω
4pi iΓ
{I1 + I2} (61)
for qωR < 1.
6Recalling that the final dyadic Green’s function
Ĝ(~r‖, 0; z, 0;ω) of the entire system (Eq.(46)) in-
volves the inverse of the matrix M̂ given by M̂ =[
Î + β Ĝfs(0, 0; 0, 0;ω)
]
where Ĝfs ≡ Ĝfs(0, 0; 0, 0;ω)
is diagonal so that its inverse is given by
M̂−1 =

(
1 + β Gxxfs
)−1
0 0
0
(
1 + β Gyyfs
)−1
0
0 0
(
1 + β Gzzfs
)−1

(62)
where

Gxxfs = G
xx
fs(0− 0; 0, 0;ω) ;
Gyyfs = G
yy
fs(0− 0; 0, 0;ω) ;
Gzzfs = G
zz
fs(0− 0; 0, 0;ω) .
(63)
Furthermore, Eq.(46) requires evaluation of Ĝfs in
the lateral position representation (as opposed to k‖-
representation) for the full 2D homogeneous plasmonic
layer in the absence of the nano-hole. Correspondingly,
the spatial Fourier transform of Ĝfs(~k‖, 0; z, 0;ω),
Ĝfs(~r‖, 0; z, 0;ω) =
1
(2pi)
∫ ∞
0
dk‖k‖ J0(k‖r‖ )Ĝfs(~k‖; z, 0;ω).
(64)
As the convergent integrals involved here (z 6= 0) are
difficult to carry out analytically, we evaluate them nu-
merically using Eq.(19) - Eq.(28) in the k‖-integrands as
follows ( kz =
√
q2ω − k2‖ and set k‖ ≡ qωy, ρ = qωr‖ and
|s| = qω|z|):
G
xx
fs (~r‖, 0; z, 0;ω) = −
1
4pi i
q2ω
Γ

∫ 1
0
dy y J0(ρy) e
i |s|
√
1−y2

−
1
4pi i
q2ω
Γ

∫ ∞
1
dy y J0(ρy) e
−|s|
√
y2−1

+
qω
4pi i
q2ω
Γ2

∫ 1
0
dy y J0(ρy)
 e
i |s|
√
1−y2
qω
Γ
+
√
1 − y2


−
qω
4pi i
q2ω
Γ2
i
∫ ∞
1
dy y J0(ρy)
 e
− |s|
√
y2−1
−i qω
Γ
+
√
y2 − 1

 ,
(65)
Gyyfs(~r‖, 0; z, 0;ω) = −
qω
4pi i
{∫ 1
0
dy y J0(ρy) e
i |s|
√
1−y2
Γ
qω
+
√
1− y2
}
+
qω
4pi i
{
i
∫ ∞
1
dy y J0(ρy) e
−|s|
√
y2−1
−i Γ
qω
+
√
y2 − 1
}
,
(66)
Gzzfs(~r‖, 0; z, 0;ω) = − qω
4pi i
qω
Γ
∫ 1
0
dy y J0(ρy) e
i |s|
√
1−y2
×
{
y2
y2 + α2
√
1− y2
}
− qω
4pi i
qω
Γ
∫ ∞
1
dy y J0(ρy) e
−|s|
√
y2−1
×
{
y2
y2 + i α2
√
y2 − 1
}
.
(67)
where α0 =
2 δ(0)
qω
∼ 2d qω , α1 =
qω
Γ and α2 = α1 + i α0
and we note that δ(z) = 0 for z 6= 0.
Furthermore,
Gzxfs(~r‖, 0; z, 0;ω) =
sgn(z)
4pi i
q2ω
Γ
×
{∫ 1
0
dy y2 J0(ρ y) e
i |s|
√
1−y2
qω
Γ
+
√
1− y2
}
− sgn(z)
4pi i
q2ω
Γ
×
{
i
∫ ∞
1
dy y2 J0(ρ y) e
− |s|
√
y2−1
−i qω
Γ
+
√
y2 − 1
}
,
(68)
Gxzfs(~r‖, 0; z, 0;ω) =
sgn(z)
4pi i
q2ω
Γ
×
∫ 1
0
dy y2 J0(ρ y)
√
1− y2 ei |s|
√
1−y2
y2 + α2
√
1− y2
+
sgn(z)
4pi
q2ω
Γ
×
∫ ∞
1
dy y2 J0(ρ y)
√
y2 − 1 e− |s|
√
y2−1
y2 + i α2
√
y2 − 1 .
(69)
Thus, Ĝfs(~r‖, 0; z, 0;ω) takes the following form in ma-
trix notation (position representation):
Ĝfs(~r‖, 0; z, 0;ω) =
Gxxfs 0 Gxzfs0 Gyyfs 0
Gzxfs 0 G
zz
fs
 . (70)
Recalling Eq.(46) and Eq.(62)
Ĝ(~r‖, 0; z, 0;ω) = Ĝfs(~r‖, 0; z, 0;ω)M̂−1, (71)
we obtain the non-vanishing elements of Ĝfs(~r‖, 0; z, 0;ω)
in a matrix form as
Ĝ(~r‖, 0; z, 0;ω) =
Gxxfs (~r‖,0;z,0;ω)
1 + β Gxx
fs
(0,0;0,0;ω)
0
Gxzfs(~r‖,0;z,0;ω)
1 + β Gzz
fs
(0,0;0,0;ω)
0
G
yy
fs
(~r‖,0;z,0;ω)
1 + β G
yy
fs
(0,0;0,0;ω)
0
Gzxfs(~r‖,0;z,0;ω)
1 + β Gxx
fs
(0,0;0,0;ω)
0
Gzzfs(~r‖,0;z,0;ω)
1 + β Gzz
fs
(0,0;0,0;ω)

.
(72)
7This represents the dyadic Green’s function of the sys-
tem in the presence of the aperture, which is needed
to calculate its electric field response. It is clear
that the plasmonic-polariton dispersion relation is de-
termined by the frequency poles of the matrix ele-
ments of the dyad Ĝ(~r‖, 0; z, 0;ω), i.e., the zeroes of
det[Î + β Ĝfs(0, 0; 0, 0;ω)].
4. ELECTRODYNAMICS WAVE
TRANSMISSION OF A PERFORATED SCREEN
FIG. 3. Two dimensional plasmonic layer (thickness d, em-
bedded at z = 0 in a three dimensional bulk medium) with
a nano-hole of radius R at the origin of the (x − y) plane.,
shown with incident, reflected and transmitted wave vectors
(~k0,~kr,~kt ) for waves ( ~E0(x, y, z; t), ~Er(x, y, z; t),
~Et(x, y, z; t)).
Considering the presence of a nano-hole in a plasmonic
screen subject to an external current density source
~Jext(~r; t), it is clear that the removal of the material re-
sponsible for the introduction of the hole results in the
dyadic electromagnetic wave equation given by[
Î
(
~∇2 + ω
2
c2
ε
(3D)
b
)
− ~∇~∇
]
~E(~r, ω)
+
4pi iω
c2
∫
d3~r ′σ̂(2D)fs (~r, ~r
′;ω) ~E(~r ′;ω)
−4pi iω
c2
∫
d3~r ′σ̂(2D)hole (~r, ~r
′;ω) ~E(~r ′;ω)
= −4pi iω
c2
~Jext(~r;ω), (73)
where σ̂
(2D)
fs is the conductivity tensor of the 2D layer and
σ̂
(2D)
hole is the conductivity tensor of the nano-hole. In this
context, the dyadic Green’s function Ĝ for the perforated
screen is given by the integro-differential equation[
Î
(
~∇2 + ω
2
c2
ε
(3D)
b
)
− ~∇~∇
]
Ĝ(~r, ~r ′, ω)
+
4pi iω
c2
∫
d3~r
′
σ̂
(2D)
fs (~r, ~r
′ ′;ω) Ĝ(~r ′ ′, ~r ′, ω)
−4pi iω
c2
∫
d3~r ′σ̂(2D)hole (~r, ~r
′ ′;ω)Ĝ(~r ′ ′, ~r ′, ω)
= − δ(3)(~r − ~r ′), (74)
which can be rewritten in positional matrix notation as
Ĝ = Ĝ3D +
4pi iω
c2
Ĝ3D
[
σ̂
(2D)
fs − σ̂(2D)hole
]
Ĝ, (75)
and is equivalent to Eq.(37). Bearing in mind that
Green’s functions are defined to relate fields to currents,
the very distant current source ~Jext(~r;ω) of an incident
field ~E0 is related to it by
~E0 = +
4pi i ω
c2
Ĝ3D ~Jext, (76)
for linear media. Therefore, the total field ~E induced by
an incident field ~E0 is given by [1],[2]
~E = +
4pi i ω
c2
Ĝ ~Jext
= Ĝ Ĝ−13D ~E0 (77)
and following the procedures of the references cited, we
obtain
~E = ~E0 +
4pi i ω
c2
Ĝ
[
σ̂
(2D)
fs − σ̂(2D)hole
]
~E0, (78)
which includes both the transmitted and reflected fields.
Alternatively, Eq.(78) may be written as
~E(~r‖; z;ω) = ~E0(~r‖; z;ω) + ~E1(~r‖, z;ω) + ~E2(~r‖, z;ω),
(79)
where the electric field contributions ~E1 and ~E2 are define
by
~E1(~r‖, z;ω) =
4pi i ω
c2
∫
d2~r
′
‖
∫
d2~r
′′
‖
∫
dz
′
×
∫
dz
′′
Ĝ(~r‖, ~r
′
‖; z, z
′
;ω)
× σ̂(2D)fs (~r
′
‖, ~r
′′
‖ ; z
′
, z
′′
;ω) ~E0(~r
′′
‖ ; z
′′
;ω)
(80)
and
~E2(~r‖, z;ω) =
4pi i ω
c2
∫
d2~r
′
‖
∫
d2~r
′′
‖
×
∫
dz
′
∫
dz
′′
Ĝ(~r‖, ~r
′
‖; z, z
′
;ω)
× σ̂(2D)hole (~r
′
‖, ~r
′′
‖ ; z
′
, z
′′
;ω) ~E0(~r
′′
‖ ; z
′′
;ω).
(81)
8Employing Eq.(41) and executing all the integrations,
~E2(~r‖, z;ω) reduces to
~E2(~r‖, z;ω) = β Ĝ(~r‖, 0; z, 0;ω) ~E0(0, 0;ω). (82)
Furthermore, Eq.(8) in position space, given by
σ̂2Dfs (~r
′
‖, ~r
′′
‖ ; z
′
, z
′′
;ω) = Î σ
(2D)
fs (ω)δ
(2D)(~r
′
‖ − ~r
′′
‖ ) δ(z
′
) δ(z
′′
)
(83)
leads to
~E1(~r‖, z;ω) = γ
∫
d2~r
′
‖Ĝ(~r‖, ~r
′
‖; z, 0;ω) ~E0(~r
′
‖; 0;ω).
(84)
Considering z
′
= 0 in Eq.(45) and substituting it into
Eq.(84), we find
E1(~r‖, z;ω) = γ
∫
d2~r
′
‖Ĝfs(~r‖, ~r
′
‖; z, 0;ω) ~E0(~r
′
‖; 0;ω)
− γ βĜfs(~r‖, 0; z, 0;ω)
×
[
Î + βĜfs(0, 0; 0, 0;ω)
]−1
×
∫
d2~r
′
‖Ĝfs(0, ~r
′
‖; 0, 0;ω) ~E0(~r
′
‖; 0;ω). (85)
Thus, the electric field produced by the incident field
~E0(~r‖; z;ω) in the presence of the nano-hole is described
by
~E(~r‖; z;ω) = ~E0(~r‖; z;ω)
+ ~E1(~r‖, z;ω)
− β Ĝ(~r‖, 0; z, 0;ω) ~E0(0; 0;ω),
(86)
where ~E1(~r‖, z;ω) , however, needs to be determined in
explicit form.
Considering an incident external transverse plane elec-
tromagnetic wave ~E0(~r; t) impinging on the perforated
2D plasmonic layer at an angle of incidentce θ0 with fre-
quency ω0, we have
~E0(~r; t) = ~E0e
i[~k0.~r−ω0t]
= ~E0e
i[~k0‖ .~r‖ + k0z z−ω0t] (87)
where ~E0 is a vector amplitude perpendicular to the ~k0
wave vector(having otherwise unspecified polarization).
In frequency representation,
~E0(~r‖ ; z;ω) =
~˜
E0e
i[~k0‖ .~r‖ + k0z z] (88)
where
~˜
E0 = 2piδ(ω−ω0) ~E0 and k0z =
√
q2ω0 − k20‖ . Here,
qω0 =
ω0
c
√
ε
(3D)
b is the incident wavenumber and, k0‖
and k0z are the parallel and perpendicular wave vector
components of the incident wavevector, respectively. Em-
ploying the plane wave of Eq.(88) in Eq.(85), we evaluate
the spatial Fourier transform
~E1(~r‖, z;ω) = γ Ĝfs(~k0‖ ; z, 0;ω)
~˜
E0 e
i~k0‖ ·~r‖
− γ βĜfs(~r‖, 0; z, 0;ω)
×
[
Î + βĜfs(0, 0; 0, 0;ω)
]−1
× Ĝfs(~k0‖ ; 0, 0;ω) ~˜E0 , (89)
which yield the electric field of Eq.(86) (in time domain)
as
~E(~r‖; z; t) = ~E0(~r‖; z; t)
+ γ0 Ĝfs(~k0‖ ; z, 0;ω0)
~E0 e
i
[
~k0‖ ·~r‖ −ω0 t
]
− β0 Ĝ(~r‖, 0; z, 0;ω0)
×
[
Î + γ0Ĝfs(~k0‖ ; 0, 0;ω0)
]
~E0 e
−i ω0 t. (90)
Here, β0 = γ0A
2 and with Eq.(39) we have σ
(2D)
fs (ω0) =
i d ω2P3D
4pi ω0
where the local bulk plasma polarizability ∼
− ω2P3D
ω20
is used and ω
P3D
=
√
4pi e2 ρ
3D
m? is the 3D bulk
plasma frequency. With this, Eq.(11) yields
γ0 = −
dω2P3D
c2
and Γ0 = − i γ0
2
. (91)
Recognizing that the first two terms on the right of
Eq.(90) is just ~Efs(~r‖; z; t), we define the dyadic function
T̂ 0 as
T̂ 0 = Ĝ0(~r‖, 0; z, 0;ω0)
[
Î + γ0 Ĝfs(~k0‖ ; 0, 0;ω0)
]
,
(92)
so that
~E(~r‖; z; t) = ~Efs(~r‖; z; t) − β0 T̂ 0 ~E0 e−i ω0t. (93)
Since the incident wavervector ~k0 is in the (x− z)-plane
of incidence (k0y = 0) and the dyad Ĝfs(~k0‖ ; 0, 0;ω0) was
found to be diagonal (Eq.(48)), then Eq.(92) for T̂ 0 takes
a matrix form fully described in Appendix A3.
Substituting Eq.(D2) into Eq.(93) using the matrix el-
ements of Appendix A3 leads to ~E(x, y, z; t) in matrix
form Ex(x, y, z; t)Ey(x, y, z; t)
Ez(x, y, z; t)
 =
Efsx(x, y, z; t)Efsy (x, y, z; t)
Efsz (x, y, z; t)

− β0
T 0xx 0 T 0xz0 T 0yy 0
T 0zx 0 T
0
zz

×
E0x e−iω0tE0y e−iω0t
E0z e
−iω0t
 ,
(94)
9or
Ex(x, y, z; t) = Efsx(x, y, z; t)
− β0
[
T 0xxE0x + T
0
xz E0z
]
e−i ω0t; (95)
Ey(x, y, z; t) = Efsy (x, y, z; t)
− β0
[
T 0yy E0y
]
e−i ω0t; (96)
Ez(x, y, z; t) = Efsz (x, y, z; t)
− β0
[
T 0zxE0x + T
0
zz E0z
]
e−i ω0t (97)
upon which our computations are based.
5. NUMERICAL ANALYSIS OF
ELECTROMAGNETIC WAVE PROPAGATION
IN THE VICINITY OF A PERFORATED 2D
PLASMONIC LAYER FOR NORMAL
INCIDENCE (θ0 = 0)
The subwavelength restriction imposed on a nano-hole
of dimension R < λ0 (incident wavelength) requires that
qω0R < 1; in this matter, the incident wave frequency ω0
must fall below the cutoff frequency ω˜0 given by
ω0 < ω˜0 ≡ c
R
√
ε
(3D)
b
, alternatively f0 =
ω0
2pi
< f˜0 =
ω˜0
2pi
.
(98)
Employing Mathematica to evaluate the matrix ele-
ments of the dyadics Ĝfs(~r‖, 0; z, 0;ω0) and T̂ 0 (of section
4), we carry out a numerical determination of the electric
field generated by ~E0 for normal incidence (θ0 = 0). The
transmitted (z > 0) and reflected (z < 0) field distribu-
tions in space are presented graphically in terms of the
square modulii of the fields.
For normal incidence the transmitted field (z > 0)
distributions are calculated for R = 5nm, d = 10nm
and f0 = 300THz in terms of parallel (E‖) and normal
(Ez) components for near-field, middle-field and far-field
diffraction zones for z = 50R, z = 300R and z = 1000R,
respectively. The figures exhibit | E‖(x, y, z; t)/E0 |2 and
| Ez(x, y, z; t)/E0 |2 for a perforated GaAs screen with
effective mass m∗ = 0.067m0 (m0 is the free-electron
mass) and density n3D = 4× 1021/cm3 (ε(3D)b = 1 is the
dielectric constant of the host medium). This is in fact
clearly illustrated with y ≡ 0 below.
1. Normal Incidence
For the Near-Field zone, we take z = 50R .
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FIG. 4. | E‖(x, y, z; t)/E0 |2(a), | Ez(x, y, z; t)/E0 |2(b) and
Re[Ez(x, y, z; t)/E0](c) produced by a perforated 2D plas-
monic layer of GaAs as a function of lateral distance r‖ =
x (y = 0) from the aperture.
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For the Middle-Field zone: z = 300R .
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FIG. 5. | E‖(x, y, z; t)/E0 |2(a), | Ez(x, y, z; t)/E0 |2(b)
and Re[Ex(x, y, z; t)/E0](c) produced by a perforated 2D
plasmonic layer of GaAs as a function of lateral distance
r‖ = x (y = 0) from the aperture.
For the Far-Field zone: z = 1000R .
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FIG. 6. | E‖(x, y, z; t)/E0 |2(a),| Ez(x, y, z; t)/E0 |2(b)
and Re[Ex(x, y, z; t)/E0](c) produced by a perforated 2D
plasmonic layer of GaAs as a function of lateral distance
r‖ = x (y = 0) from the aperture.
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2. For R = 5nm, λ0 = 1000nm, f0 = 300THz and
θ0 = 0
◦
For the Near-Field zone: z = 50R .
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FIG. 7. Field distribution of GaAs layer in terms of 3D (a′s)
and density (b′s) plots:
| Ex(x, y, z; t)/E0 |2 and | Ez(x, y, z; t)/E0 |2 as functions x
and y for fixed z.
For the Middle-Field zone: z = 300R .
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FIG. 8. Field distribution of GaAs layer in terms of 3D (a′s)
and density (b′s) plots:
| Ex(x, y, z; t)/E0 |2 and | Ez(x, y, z; t)/E0 |2 as functions x
and y for fixed z.
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For the Far-Field zone: z = 1000R .
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FIG. 9. Field distribution of GaAs layer in terms of 3D (a′s)
and density (b′s) plots:
| Ex(x, y, z; t)/E0 |2 and | Ez(x, y, z; t)/E0 |2 as functions x
and y for fixed z.
6. CONCLUSIONS
We have examined the transmission of electromagnetic
waves through a nano-hole in a thin plasmonic semicon-
ductor screen for normal incidence of the wave train. This
analysis is based on our previously constructed [4], [5], [6]
closed-form dyadic electromagnetic Green’s function for
a thin plasmonic/excitonic layer, which is here adapted
to embody a nano-hole (Section 3 above). The result-
ing closed-form dyadic Green’s function is employed in
the study of electromagnetic wave transmission through
both the hole as well as through the screen itself (Section
4 above). This approach has facilitated relatively/simple
numerical computations exhibited in Section 5, and is
not in any way restricted to a metallic screen. Moreover,
our formulation, which is based on the use of an integral
equation for the dyadic Green’s function involved (rather
than Maxwell’s partial differential equations), automati-
cally incorporates the boundary conditions, which would
otherwise need to be addressed explicitly. It also incorpo-
rates the role of the 2D plasmon of the thin layer, which
is smeared by its lateral wavenumber dependence.
The calculated results shown in the figures of Section
5 exhibit a positional broadening of the central electro-
magnetic transmission maximum as z increases from the
near to the far zones. This is to be expected as a simple
geometric spreading of the radiation emanating from the
nano-hole itself, but it is also interesting to note that the
transmitted radiation is well supported at large lateral
distances from the nano-hole by electromagnetic trans-
mission directly through the plasmonic sheet. Moreover,
the figures also exhibit interference fringes as a func-
tion of lateral distance from the nano-hole in presence
of transmission through the sheet as well as through the
hole; and as the lateral distance from the hole increases
this interference diminishes and the transmission tends
to flatten to that emerging through the sheet alone, in
the absence of the distant nano-hole.
Appendix A: Matrix Elements of Ω̂−1 and
Ĝ3D(~k‖, z, 0;ω)
The elements of Ω̂−1 are given by(notation: a20 = k
2
z −
2ikz
d )
[Ω̂−1]11 =
[
1 +
(
γ
2 i kz
)(
1− k
2
y
q2ω
)]
[(
1 +
(
γ
2 i kz
))(
1 +
(
γ
2 i kz
)(
1− k
2
‖
q2ω
))] ,(A1)
[Ω̂−1]12 =
[(
γ
2 i kz
)(
kx ky
q2ω
)]
[(
1 +
(
γ
2 i kz
))(
1 +
(
γ
2 i kz
)(
1− k
2
‖
q2ω
))] ,(A2)
[Ω̂−1]21 = [Ω̂
−1]12 , (A3)
[Ω̂−1]31 = [Ω̂
−1]13 = [Ω̂
−1]32 = [Ω̂
−1]23 = 0, (A4)
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[Ω̂−1]22 =
[
1 +
(
γ
2 i kz
)(
1− k2x
q2ω
)]
[(
1 +
(
γ
2 i kz
))(
1 +
(
γ
2 i kz
)(
1− k
2
‖
q2ω
))] ,(A5)
and
[Ω̂−1]33 =
1[
1 +
(
γ
2 i kz
)(
1− a20
q2ω
)] . (A6)
Appendix B
Furthermore the elements of Ĝ3D(~k‖; z, 0;ω) of Eq.(12)
are given by the matrix G3D
ij(~k‖; z, 0;ω) as:
Gxx3D
(
~k‖; z, 0;ω
)
= − e
i kz|z|
2 i kz
(
1− k
2
x
q2ω
)
, (B1)
Gyy3D
(
~k‖; z, 0;ω
)
= − e
i kz|z|
2 i kz
(
1− k
2
y
q2ω
)
, (B2)
Gzz3D
(
~k‖; z, 0;ω
)
= − e
i kz|z|
2 i kz
(
1− k
2
z − 2ikzδ(z)
q2ω
)
,
(B3)
Gxy3D
(
~k‖; z, 0;ω
)
= +
ei kz|z|
2 i kz
(
kx ky
q2ω
)
, (B4)
Gxz3D
(
~k‖; z, 0;ω
)
= +
ei kz|z|
2 i kz
(
kx kzsgn(z)
q2ω
)
, (B5)
Gyz3D
(
~k‖; z, 0;ω
)
= +
ei kz|z|
2 i kz
(
ky kzsgn(z)
q2ω
)
, (B6)
Gyx3D
(
~k‖; z, 0;ω
)
= Gxy3D
(
~k‖; z, 0;ω
)
, (B7)
Gxz3D
(
~k‖; z, 0;ω
)
= Gzx3D
(
~k‖; z, 0;ω
)
, (B8)
Gyz3D
(
~k‖; z, 0;ω
)
= Gzy3D
(
~k‖; z, 0;ω
)
. (B9)
Therefore, Eq.(16) may rewritten as
Ĝfs(~k‖; z, 0;ω) = Ĝ3D(~k‖; z, 0;ω) Ω̂−1. (B10)
Appendix C: Matrix Elements of Ĝfs 7−→
Gijfs(
~k‖, z, 0;ω)
G
xx
fs
(
~k‖; z, 0;ω
)
= −
ei kz|z|
2 i kz
×
 1
D1

1 − k2x
q2ω
 + ( γ
2 i kz
)1 − k2‖
q2ω


 , (C1)
G
yy
fs
(
~k‖; z, 0;ω
)
= −
ei kz|z|
2 i kz
×
 1
D1

1 − k2y
q2ω
 + ( γ
2 i kz
)1 − k2‖
q2ω


 , (C2)
Gzzfs
(
~k‖; z, 0;ω
)
= − e
i kz |z|
2 i kz
[
1
D2
{(
1− k
2
z − 2ikzδ(z)
q2ω
)}]
,
(C3)
Gxyfs
(
~k‖; z, 0;ω
)
= +
ei kz |z|
2 i kz
[
1
D1
(
kx ky
q2ω
)]
, (C4)
Gxzfs
(
~k‖; z, 0;ω
)
= +
ei kz |z|
2 i kz
[
1
D2
(
kx kzsgn(z)
q2ω
)]
, (C5)
Gyzfs
(
~k‖; z, 0;ω
)
= +
ei kz |z|
2 i kz
[
1
D2
(
ky kzsgn(z)
q2ω
)]
, (C6)
Gyxfs
(
~k‖; z, 0;ω
)
= Gxyfs
(
~k‖; z, 0;ω
)
, (C7)
Gzxfs
(
~k‖; z, 0;ω
)
=
ei kz |z|
2 i kz
×
[
1
D1
((
1 +
(
γ
2 i kz
))
kz kxsgn(z)
q2ω
)]
,
(C8)
Gzyfs
(
~k‖; z, 0;ω
)
=
ei kz |z|
2 i kz
×
[
1
D1
((
1 +
(
γ
2 i kz
))
kz kysgn(z)
q2ω
)]
,
(C9)
Gxzfs
(
~k‖; z, 0;ω
)
= Gzxfs
(
~k‖; z, 0;ω
)
, (C10)
and
D1 =
(
1 +
(
γ
2 i kz
))[
1 +
(
γ
2 i kz
)(
1− k
2
‖
q2ω
)]
, (C11)
D2 =
[
1 +
(
γ
2 i kz
)(
1− a
2
0
q2ω
)]
. (C12)
It should be noted that, in the text above, we choose the
coordinate system such that ky ≡ 0. In this case, k‖ = kx
and k2z = q
2
ω−k2x. Moreover, with ky = 0, Ĝ3D(~k‖; 0, 0;ω)
becomes diagonal.
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Appendix D: Matrix Elements of T̂ 0
Since Ĝfs(~k0‖ ; 0, 0;ω0) is diagonal, we have
T̂ 0 =
Gxx 0 Gxz0 Gyy 0
Gzx 0 Gzz
 .
×
1 + γ0G
xx
fs 0 0
0 1 + γ0G
yy
fs 0
0 0 1 + γ0G
zz
fs
 (D1)
or
T̂ 0 =
T 0xx 0 T 0xz0 T 0yy 0
T 0zx 0 T
0
zz
 (D2)
where the matrix elements are given by
T 0xx = G
xx
[
1 + γ0G
xx
fs
]
; (a)
T 0zx = G
zx
[
1 + γ0G
xx
fs
]
; (b)
T 0yy = G
yy
[
1 + γ0G
yy
fs
]
; (c)
T 0xz = G
xz
[
1 + γ0G
zz
fs
]
; (d)
T 0zz = G
zz
[
1 + γ0G
zz
fs
]
. (e)
(D3)
In order to facilitate the calculations of the above
matrix elements, it is important to note that Ĝ =
Ĝ(~r‖, 0; z, 0;ω0) and Ĝfs = Ĝfs(~k0‖ ; 0, 0;ω0) are evalu-
ated at the incident wave frequency ω0. Therefore, the
matrix elements of the dyad T̂ 0 are given by (note that
θ0 is the angle of incident)
T 0xx = G
xx
fs
[
1 + γ0G
xx
fs
1 + β0G xxfs0
]
(D4)
where 
G
xx
fs ≡ − cos(θ0)2 i [qω0 + Γ0 cos(θ0)] ; (a)
G xxfs0 ≡ G xxfs0(0− 0; 0, 0;ω0); (b)
G xxfs ≡ G xxfs (~r‖, 0; z, 0;ω0). (c)
(D5)
T 0yy = G
yy
fs
[
1 + γ0G
yy
fs
1 + β0G
yy
fs0
]
(D6)
where 
G
yy
fs ≡ − 12 i [ Γ0 + qω0 cos(θ0)] ; (a)
G yyfs0 ≡ G yyfs0(0− 0; 0, 0;ω0); (b)
G yyfs ≡ G yyfs (~r‖, 0; z, 0;ω0). (c)
(D7)
T 0zz = G
zz
fs
[
1 + γ0G
zz
fs
1 + β0G zzfs0
]
(D8)
where
G
zz
fs ≡ − 12 i
{
qω0 sin
2(θ0)+2 i δ(0) cos(θ0)
cos(θ0)
[
q2ω0
+ 2 i δ(0)Γ0
]
+ Γ0 qω0 sin
2(θ0)
}
; (a)
G zzfs0 ≡ G zzfs0(0− 0; 0, 0;ω0); (b)
G zzfs ≡ G zzfs (~r‖, 0; z, 0;ω0). (c)
(D9)
T 0xz = G
xz
fs
[
1 + γ0G
zz
fs
1 + β0G zzfs0
]
(D10)
where
G
zz
fs ≡ − 12 i
{
qω0 sin
2(θ0) +2 i δ(0) cos(θ0)
cos(θ0)
[
q2ω0
+ 2 i δ(0) Γ0
]
+ Γ0 qω0 sin
2(θ0)
}
; (a)
G zzfs0 ≡ G zzfs0(0− 0; 0, 0;ω0); (b)
G xzfs ≡ G xzfs (~r‖, 0; z, 0;ω0). (c)
(D11)
and
T 0zx = G
zx
fs
[
1 + γ0G
xx
fs
1 + β0G xxfs0
]
(D12)
where 
G
xx
fs ≡ − cos(θ0)2 i [qω0 + Γ0 cos(θ0)] ; (a)
G xxfs0 ≡ G xxfs0(0− 0; 0, 0;ω0); (b)
G zxfs ≡ G zxfs (~r‖, 0; z, 0;ω0). (c)
(D13)
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